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The present paper introduces a linear reformulation of the Kuramoto model describing a self-synchronizing
phase transition in a system of globally coupled oscillators that in general have different characteristic fre-
quencies. The reformulated model provides an alternative coherent framework through which one can analyti-
cally tackle synchronization problems that are not amenable to the original Kuramoto analysis. It allows one to
solve explicitly for the synchronization order parameter and the critical point of �1� the full phase-locking
transition for a system with a finite number of oscillators �unlike the original Kuramoto model, which is
solvable implicitly only in the mean-field limit� and �2� a new class of continuum systems. It also makes it
possible to probe the system’s dynamics as it moves toward a steady state. While discussion in this paper is
restricted to systems with global coupling, the formalism introduced by the linear reformulation also lends
itself to solving systems that exhibit local or asymmetric coupling.
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I. INTRODUCTION

Spontaneous synchronization of coupled oscillators with
different natural frequencies is at the core of many striking
phenomena in dynamical systems in realms from biology
and physics to social dynamics �1,2�. The complexity of
these systems defied attempts to encapsulate them in trac-
table mathematical formulations until, in 1975, Kuramoto
produced a model that he was able to solve exactly for sys-
tems containing an infinite number of globally weakly
coupled nonlinear oscillators �3–6�. In such a system, the
global coupling strength across the oscillators and the width
of the oscillators’ initial characteristic frequency distribution
determine whether or not the system will self-synchronize,
and with these Kuramoto was able to describe a phase tran-
sition into a self-synchronizing system. The Kuramoto model
has since provided the basis for many later efforts to explore
spontaneous synchronization. More importantly still, it is a
valuable explanatory model in its own right for understand-
ing numerous situations involving synchronization. In addi-
tion to examples in biology �see �1,6� and reference therein�
such as neural firing patterns, clouds of fireflies flashing as
one, and the coordinated action of cardiac pacemaker cells,
many examples of the Kuramoto model have been recently
discovered throughout the physical sciences including in
such diverse systems as Josephson junction arrays �7�, col-
lective atomic recoil lasing �8�, flavor evolution of oscillating
neutrinos �9�, and phase locking of oscillations in coupled
chemical reactions �10�.

This paper reformulates the Kuramoto model in terms
of linear dynamics, permitting its solution through an
eigenvalue-eigenvector approach. The analysis here is re-
stricted to solving for the critical point of the fully locking
transition and the synchronization order parameter beyond
this transition; the properties of partially locked states are not
considered. Within this regime, the reformulation of the
Kuramoto model has a number of advantages over the origi-
nal model. In particular, in the continuum limit, this linear
model makes it possible to solve exactly a new class of syn-
chronization models that is distinct from the class of systems

for which the Kuramoto model in its original form has an
analytic solution. Furthermore, whereas in the original ver-
sion of the Kuramoto model the synchronization order pa-
rameter is only solvable in the continuum limit and then only
implicitly, the alternative form presented below allows the
order parameter to be solved for explicitly, and for any num-
ber of oscillators. In addition, the linearity of the reformula-
tion makes it possible to investigate the time evolution of a
system’s self-synchronization and lends itself to adaptation
to systems that exhibit local and/or asymmetric coupling be-
tween oscillators.

The present paper will begin with an introduction to the
original Kuramoto model and its implicit analytic solution in
the thermodynamic limit. Then the linear reformulation and
its solution will be presented, and the mapping between the
Kuramoto model in its currently accepted form and linear
version presented here will be shown. This will be followed
by some examples to demonstrate properties of the linear
reformulation.

II. KURAMOTO MODEL

The Kuramoto model �3–6� describes a collection of N
phase oscillators that are weakly coupled:

�̇k = �k + �
j�k

N

Kjk sin�� j − �k� , �1�

where Kjk is the coupling constant, �k is the characteristic
frequency of the kth oscillator, and �k is its phase. Although
Kuramoto’s method only yields an analytic solution for a
uniform coupling scheme �further discussion below�, note
that the model’s coupling constant is general and does not
imply uniform coupling. Kuramoto was able to exactly solve
Eq. �1� for a system of globally and uniformly coupled os-
cillators, i.e., Kjk=K /N, with the constraints that the system
be in the thermodynamic limit, i.e., N→�, and have reached
a steady state; in so doing, he showed the existence of a
nontrivial self-synchronization phase transition in such a sys-
tem. In this paper, as a measure of the synchronization of a
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system at a point in time, we will use the amplitude r of the
complex phase order parameter,

rei� �
1

N
�
j=1

N

ei�j �2�

�where � represents the collective phase of the synchronized
state�, which ranges between 0 �no synchronization� and 1
�perfect synchronization�; steady-state synchronization of the
system will be specified as such. Kuramoto’s result was an
implicit equation for r in the synchronized state given by

r = Kr�
−�/2

�/2

cos2 � g�Kr sin ��d� , �3�

where g=g��k� is the distribution of �k and the frame of
reference is the rotating frame in which the frequency of the
synchronized solution is zero. We will refer hereafter to Eq.
�3�, with the above-mentioned accompanying constraints, as
the Kuramoto solution. The Kuramoto model Eq. �1�, along
with its many variations, has been studied in great detail �6�,
and is seen as the standard model for synchronization of
globally weakly coupled nonlinear oscillators.

III. LINEAR REFORMULATION AND SOLUTION

We now propose a linear reformulation of the Kuramoto
model of spontaneous synchronization:

�̇k = �i�k − ���k + �
j�k

N

	 jk� j , �4�

where 	 jk is the coupling constant of this linear model and �
is the decay constant to be tuned to bring the amplitude of
�k—a complex variable—to a steady state �details given be-
low�. As we will later show, the argument of �k corresponds
to �k in Eq. �1�. For simplicity, we assume �
0, and �k is
real. In this reformulation we consider global coupling be-
cause it is convenient and will permit easy comparison of our
results with those of previously studied mean-field models,
but this approach lends itself equally well to other linear
coupling schemes �11�.

The linear model �Eq. �4�� has the simple solution

�� = �
j=1

N

ajv� je
�jt, �5�

where aj are constants determined by the initial conditions,
and v� j and � j are the eigenvectors and eigenvalues associated
with the matrix defined by the right-hand side �RHS� of Eq.
�4�. The synchronizing behavior of the system in the long-
time limit is dependent on the eigenvalue�s� with the greatest
real part. Thus in this analysis we will adopt the convention
of ordering all eigenvalues by their real part, from �1 �least�
to �N �greatest�. Distinct eigenvalues with the same real part
will arbitrarily be assigned consecutive subscripts within the
larger sequence. In our discussion we will assume �N is not
degenerate.

We tune � so that Re��N�=0. If Re��N−1��0 then the
solution becomes

lim
t→�

�� = aNv�Nei�rt, �6�

where the collective frequency of the fully locked state, �r,
is given by

�r = − i�N = ��N� �7�

and is related to the collective phase of the locked state by
�=�rt. As a result, r will tend to a steady-state value be-
tween 0 and 1, which �in a finite-N system� indicates full
locking, where the entire oscillator population is locked to
one particular frequency. The ensuing analysis will focus on
the transition to this fully locked state �the full locking tran-
sition�. For finite-N systems, the transition may be from par-
tial locking—where there are subpopulations locked to dif-
ferent frequencies—to full locking, or from incoherence to
full locking.

One can calculate the properties of the steady-state syn-
chronization phase, where only one eigenvector remains in
the long-time limit. To find an expression for r one must
determine the eigenvector associated with �N. Hereafter, for
simplicity we assume 	 jk=	 /N
0 unless otherwise speci-
fied. The general form of the corresponding eigenvector for
1� j�N, where j is the index for the components of v�N, is
given by

�vN� j =
i��N − �r� − 	/N − �

i�� j − �r� − 	/N − �
. �8�

The general explicit expression for r of a fully phase-locked
system with an arbitrary distribution of �k over finite N in
the long-time limit is then

r � 	 1

N
�
j=1

N

ei�j	 =
1

N
	�

j=1

N
� j

�� j�
	 =

1

N
	�

j=1

N
�vN� j

��vN� j�
	

=
1

N
	�

j=1

N
i��N − �r�−	/N−�

i�� j − �r� − 	/N−�

 �� j−�r�2 + �	/N + ��2

��N − �r�2 + �	/N + ��2	 ,

�9�

which, it should be stressed, is independent of initial condi-
tions. If we assume the distribution of frequencies to be sym-
metric about �r, i.e., g��r−�k�=g��r+�k�, then we can sim-
plify Eq. �9� to arrive at

r =
1

N
�
j=1

N �1 + � � j − �r

	/N + �

2�−1/2

. �10�

If r goes to a nonzero steady-state value, there is steady-state
synchronization of the system. In a finite system, the full
locking transition takes place where r goes between having
and not having a steady-state value. This transition point
occurs for a given frequency distribution g��k� when the
following relationship with the critical value of the coupling
constant 	c is satisfied:

Re��N−1�	c�� = 0. �11�

To see the connection between the linear reformulation, Eq.
�4�, and the Kuramoto model, Eq. �1�, we perform the non-
linear transformation �k�t�=Rk�t�ei�k�t� on Eq. �4� to arrive at
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�̇k = �k +
	

N
�
j�k

N
Rj

Rk
sin�� j − �k� , �12�

Ṙk�t� = − �Rk +
	

N
�
j�k

N

Rj cos�� j − �k� . �13�

By tuning � so that Re��N�=0 we can force each Rk to go to
a steady state, namely,

lim
t→�

Rk�t� = �aN�vN�k� = �aN�
��N − �r�2 + �	/N + ��2

��k − �r�2 + �	/N + ��2 .

�14�

If all Rk go to a steady state for large times, then Eq. �12�
becomes Eq. �1�. Therefore, this linear version maps onto
Eq. �1� with the effective coupling constant

K̃jk = lim
t→�

	

N

Rj

Rk
=

	

N

��k − �r�2 + �	/N + ��2

�� j − �r�2 + �	/N + ��2 . �15�

It is important to note that K̃jk is independent of initial con-
ditions as aN cancels out, and that the mapping holds only in
the regime in which there is steady-state synchronization
�where Re��N−1��0�. With this, Eq. �12� can be rewritten as

�̇k = �k + �
j�k

N

K̃jk sin�� j − �k� . �16�

In other words, by introducing the amplitude Rk properly
constrained by the decay constant �, we would be able to
perform a nonlinear transformation of the Kuramoto model
Eq. �1� �which has an implicit solution only in the infinite-N

limit� with an effective coupling constant of K̃jk into our
linear version Eq. �4� which can be solved exactly for any N.
One can conceive of much more general mappings between
Eq. �1� and Eq. �4�, such as by allowing each oscillator to
have its own independent �→�k, or by breaking the assump-
tion of uniform coupling in the linear reformulation, e.g.,
	→	 jk �which does not break the linearity� to accommo-
date a larger class of couplings Kjk.

IV. EXAMPLES

To emphasize the mathematical properties of our linear
model, we work through three groups of examples in detail
below. In each, we solve for r using the linear approach and
compare the result to the Kuramoto solution, Eq. �3�, in the
thermodynamic limit �the regime of validity of the Kuramoto
solution�.

A. Identical oscillators

In our first example we consider a system where all char-
acteristic frequencies are equal, i.e., �k=�. This is a simple
system that will exhibit steady-state perfect synchronization
regardless of initial conditions �as long as 	�0�. In this
case, to solve the linear model �Eq. �4��, we first observe that

there are N−1 degenerate eigenvalues, each equal to
i�−�−	 /N, and one unique eigenvalue

�N = i� − � + 	�N − 1�/N , �17�

which has an associated eigenvector vN= �1,1 ,1 , . . . ,1�. In
order for each ��k� to go to a steady state, we set �=	�N
−1� /N �consistent with Eq. �13� for a perfectly synchronized
state� so that as t→� all of the degenerate eigenvectors de-
cay away on a time scale N / �N−2�	, which for large N
reduces to �1 /	. Assuming 	�0, the solution to the refor-
mulation with �k=� is then

lim
t→�

�� = aNv�Nei�t. �18�

The synchronization order parameter can now be computed
easily, giving the steady-state value of r=1 for long times.
Because each element in the sum is normalized by its mag-
nitude, the long-time steady-state behavior of r is indepen-
dent of the initial conditions represented by aj. Since

K̃jk→	 /N in the long-time limit in this example, in the
infinite-N limit the linear model’s solution, Eq. �10�, and the
Kuramoto solution, Eq. �3�, give the identical result of r=1
assuming the frequency distribution �k=�. It is also instruc-
tive to take small perturbations around the characteristic fre-
quencies, i.e., �k=�+
�k where 0�
�1 and �k are sym-
metrically distributed around 0. In this case, to leading order,

r � 1 − 
2 �2

2	2 , �19�

where �2 is the variance given by �2= �1 /N�� j=1
N � j

2.

B. Bimodal distribution of characteristic frequencies

For our second example, we look at a system in which
both steady-state partial synchronization and a full-locking
transition occur. Consider a bimodal distribution where
� j =�0−� /2 for 1� j�N /2 and � j =�0+� /2 for
N /2� j�N where ��0 is the width of the distribution �we
will assume N is even for simplicity�. The solution to this
problem maps onto a system of two coupled oscillators be-
cause of the peculiarity of the distribution.

Solving the linear reformulation, we see that there
are �N−2� /2 degenerate eigenvalues given by
i��0−� /2�−	 /N−� and �N−2� /2 degenerate eigenvalues
given by i��0+� /2�−	 /N−�. The final two eigenvalues �N

and �N−1 are given by

�N,N−1 = i�0 − � +
	�N − 2�

2N
�


	2 − �2

2
, �20�

where the “+” refers to �N, and the “−” refers to �N−1.
First let us take the situation where 	��. Here we shall

see that r does not go to a steady-state value and therefore
that the system will not fully lock and no steady-state syn-
chronization occurs. Unlike the previous example, there are
not one but two distinct eigenvalues with the largest real
part, namely, Re��N−1�=Re��N�=−�+	�N−2� /2N. So even
after setting �=	�N−2� /2N we find that
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lim
t→�

�� = a�N−1�v� �N−1�e
i��0−
�2−	2/2�t + aNv�Nei��0+
�2−	2/2�t.

�21�

It is clear that, as long as 	��, r will never go to a steady-
state value, and hence the whole system will never fully lock
or reach steady-state synchronization. However, independent
of all initial conditions and assuming 	
0, the population
of oscillators will split into two perfectly synchronized sub-
sets with different collective frequencies given by
Im��N,N−1�=�0�
�2−	2 /2.

Now let us consider the situation where 	
�. If we set
�=	�N−2� /2N+
	2−�2 /2 �note that �→	�N−1� /N for
large 	, consistent with Eq. �13� for a perfectly synchronized
state� then, on a time scale given by 1 /
	2−�2, all but one
eigenvalue die out over time:

lim
t→�

�� = aNv�Nei�0t, �22�

where the components of the eigenvector are given by

�vN� j =
i� − 2	/N − 
	2 − �2

− i� − 2	/N − 
	2 − �2
�23�

for 1� j�N /2 and �vN� j =1 for N /2� j�N. Thus r goes to
a steady-state value:

r =
1 + 
1 − ��/	�2

2
�24�

for 	
�. It is important to note that although this equation
is true for finite N—unlike the Kuramoto solution Eq. �3�—
the expression for r is independent of N.

Since when 	�� the system does not fully lock and no
steady-state synchronization occurs, and when 	
� there is
full locking and steady-state synchronization, it is clear that
when 	c=� a “first-order” full-locking transition occurs,
marked by steady-state partial synchronization beyond
rc=1 /
2. Using Eq. �24� we can deduce a square-root scal-
ing law of the order parameter near the full-locking transition
�which in this case is also the transition into a steady-state
self-synchronizing system�, i.e.,

r − rc �
1

2

	 − 	c

	
. �25�

As in the previous example, this bimodal example has the

property of K̃jk→	 /N in the long-time limit, so the linear
form maps onto the Kuramoto model �Eq. �1�� with the
simple transformation 	→K. From the above discussion
therefore, if one assumes a bimodal frequency distribution,
i.e., g���=���−� /2� /2+���+� /2� /2, then solving Eq. �3�,
which is valid only in the infinite-N limit, gives our result,
Eq. �24�.

C. Continuum limit

In this final example, we work exclusively in the con-
tinuum limit and demonstrate that, even within this regime
where the Kuramoto solution is valid, the linear reformula-

tion still has the advantage of a simpler solution for the order
parameter and opens up a new class of exactly solvable syn-
chronization models. We first determine the critical point of
the locking transition and the synchronization order param-
eter given by the linear model for a system of oscillators with
a general symmetric characteristic frequency distribution and
a particular effective coupling. Systems with such coupling,
which we will consider below, go from completely incoher-
ent to fully locked at one point in parameter space, i.e., there
are no partially locked states; the partial-locking and full-
locking transitions merge �15�. Next, we solve for the critical
point and the synchronization order parameter for a Lorent-
zian frequency distribution and a uniform frequency distri-
bution. We then look at how the result differs from the tra-
ditional uniform coupling solution.

We begin by solving for r, �, and the locking transition
point �also the synchronization critical point�, each in terms
of 	 and a general symmetric frequency distribution. As
N→�, Eq. �10� becomes

r = �
−�

�

d� g����1 + �� − �r

�

2�−1/2

, �26�

which holds for 	
	c. The anomalous scaling properties of
this solution are discussed in �17�. The linear reformulation
Eq. �4� in the continuum limit has the same form as the
equation describing the evolution of the fundamental mode
in the stability analysis in �14� of the incoherent state in the
Kuramoto model:

�̇��,t� = �i� − �����,t� + 	�
−�

�

g��������,t�d��,

�27�

which, in the long time limit, has an effective coupling in the
continuum Kuramoto model of

K̃��,��� = 	
��� − �r�2 + �2

�� − �r�2 + �2 . �28�

Following the analysis in �14�, the spectrum of the linear
operator of the RHS of Eq. �27� comprises an eigenvalue �N
at the origin of the complex plane and a continuous line of
eigenvalues along −� of the real axis. If 	
	c, then �
0
and �N lies apart from the other eigenvalues. This results in
full locking and synchronization in the long-time limit. How-
ever, if 	�	c, then �=0, �N merges with the continuum
along the imaginary axis, and contribution from every fre-
quency remains in the long-time limit, which results in r
=0 as all oscillators are “drifting.” This implies a second-
order phase transition. In this case, the partial-locking tran-
sition �often referred to as the synchronization phase transi-
tion� and the full-locking transition occur at the same point.
Furthermore, the coupling described by Eq. �28� is such that,
at the onset of the transition, there is a uniform distribution
of phases from 0 to 2� across the oscillator population �i.e.,
r→0 as 	→	c�. We can determine � using the self-
consistency equation �14�:
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1 = 	�
−�

� g���
� − i�

d� . �29�

At most one solution for � exists and ��0 �12�. Therefore
the system will reach steady-state synchronization for �
0,
and the critical point 	c occurs as �→0+. This can easily be
shown to be

	c =
1

�g�0�
. �30�

Now, considering a Lorentzian distribution of frequencies
about �r, i.e., g��−�r�=� /���2+ ��−�r�2�, from Eq. �30�
we obtain 	c=�. Integrating Eq. �29� gives �Lor=	−�. So
where 	
	c,

rLor =
2

�
cos−1� 	c

	 − 	c

�1 − � 	c

	 − 	c

2�−1/2

�31�

in the long-time limit. Similarly, for a uniform distribution
of frequencies about �r, i.e., g��−�r�=1 /�� for
��−�r���� /2 and 0 otherwise, the same steps give
us 	c=�, �unif= ��� /2�cot��� /2	�, and

runif = cot��

2

	c

	

sinh−1�tan��

2

	c

	

� �32�

in the steady state for 	
	c. �It is interesting to note that
runif�rLor for the entire parameter regime.� By contrast, the

result one obtains from Eq. �3�, the original Kuramoto solu-
tion with K�� ,���=K, for a Lorentzian distribution of fre-
quencies �where a partial population of drifting oscillators
can occur� is r=
1−2� /K �3,4� for K�Kc=2� and r=0
otherwise; and for a uniform distribution of frequencies one
cannot find an explicit solution.

V. CLOSING COMMENTS

In closing, two points deserve mention. First, although the
dynamics of the linear model are in principle completely
solvable, they are not the same as the dynamics of the origi-
nal Kuramoto model since the mapping between Eqs. �4� and
�1� formally holds only when all Rj go to a steady state.
Second, while in this paper we have restricted ourselves only
to global coupling, the same analysis should be applicable to
any linear coupling scheme, including local or asymmetric,
as long as one is able to determine the largest eigenvalues
and eigenvectors of the RHS of Eq. �4�.
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